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We investigated the nature of the magnetic phase transition in Ge1−x−ySnxMnyTe mixed crystals with chemi-
cal composition changing in the range of 0.083�x�0.142 and 0.012�y�0.119. The dc magnetization
measurements performed in magnetic fields up to 90 kOe and temperature range 2–200 K showed that the
magnetic ordering at temperatures below T=50 K exhibits features characteristic for both spin-glass and
ferromagnetic phases. The modified Sherrington-Southern model was applied to explain the observed transition
temperatures. The calculations showed that the spin-glass state is preferred in the range of the experimental
carrier concentrations and Mn contents. The value of the Mn hole exchange integral was estimated to be Jpd

=0.45�0.05 eV. The experimental magnetization vs temperature curves were reproduced satisfactorily using
the noninteracting spin-wave theory with the exchange constant Jpd values consistent with those calculated
using modified Sherrington-Southern model. The magnetization vs magnetic field curves showed nonsaturating
behavior at magnetic fields B�90 kOe indicating the presence of strong magnetic frustration in the system.
The experimental results were reproduced theoretically with good accuracy using the molecular-field-
approximation-based model of a disordered ferromagnet with long-range Ruderman-Kittel-Kasuya-Yosida
interaction.
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I. INTRODUCTION

The IV-VI group of ferromagnetic compounds, e.g.,
Ge1−xMnxTe possesses unique possibility to tune the mag-
netic and electrical properties of the crystals independently.1

The magnetism of bulk �Ge,Mn�Te crystals was for the first
time studied over 40 years ago by Rodot et al.2 The ferro-
magnetic ordering observed in the Ge1−xMnxTe with the Cu-
rie temperatures TC as high as 167 K �Ref. 3� for the crystals
with the composition x=0.5 was attributed to the indirect
long-range Ruderman-Kittel-Kasuya-Yosida �RKKY� inter-
action. Recently, molecular-beam epitaxy grown
Ge1−xMnxTe thin layers are the subject of great scientific
interest.4–9 The progress in the methods of growth of this
compound allowed the increase in the observed Curie tem-
peratures to values as high as 200 K �Ref. 6� and gives hope
to obtain the room-temperature ferromagnetism.

In this paper we extend our previous studies of dynamic
magnetic properties of Ge1−x−ySnxMnyTe crystals.10,11 The
results of the measurements of the ac susceptibilities showed
the occurrence of the magnetic transitions into the spin-
glasslike state at temperatures lower than 50 K. In this paper
we present the measurements of the static magnetic proper-
ties, i.e., the magnetization measurements in the presence of
a static magnetic field.

The observed magnetic properties are discussed in theo-
retical context. The Sherrington-Southern �SS� model, cap-
turing the essentials of spin-glass physics, allows us to pre-
dict the relevant transition temperatures and to estimate the
value of the exchange integral Jpd in the studied crystals,
assuming the RKKY interaction between magnetic impuri-

ties. The temperature dependence of magnetization will be
modeled using the noninteracting spin-wave theory, includ-
ing the same RKKY interaction, which supports the esti-
mates of Jpd. To describe the behavior of the high-field mag-
netization curves, we construct a molecular-field
approximation-based model of a disordered ferromagnet
with long-range RKKY interaction, putting special emphasis
on the possible magnetic inhomogeneity in the system,
caused by presence of antiferromagnetic superexchange in-
teraction between nearest-neighbor magnetic ions. This
model is used to explain the nonsaturating behavior of mag-
netization.

II. SAMPLE PREPARATION AND BASIC
CHARACTERIZATION

For purposes of this research bulk Ge1−x−ySnxMnyTe crys-
tals were prepared using modified Bridgman method. The
growth method was modified according to the ideas pro-
posed by Aust and Chalmers for the alumina crystals.12 The
radial temperature gradient was present in the growth fur-
nace, creating 15° slope of the crystallization front. It al-
lowed the decrease in the crystal blocks number in the ingot
from a few down to a single one.

The chemical composition of the alloy was determined
using the x-ray fluorescence method �with typical relative
uncertainty of about 10%�. The as-grown ingots were cut
into 1-mm-thick slices perpendicular to the growth direction.
The measured chemical content changed continuously along
the growth direction. For the present investigations we used
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the very same samples as presented in Ref. 11, i.e., the stud-
ied crystals had chemical composition changing in a range of
values 0.083�x�0.142 and 0.012�y�0.119. The crystal
slices selected for the present investigations had small inho-
mogeneity of the chemical composition on the order of the
uncertainty of x-ray fluorescence method, i.e., less than 10%
of the resultant molar fraction x.

The crystallographic quality of Ge1−x−ySnxMnyTe crystals
was studied by means of the x-ray diffraction �XRD�. Analy-
sis of the XRD measurement results showed that the studied
crystals were single phased. They crystallized in the �111�
direction distorted NaCl, i.e., the rhombohedral structure.
The lattice parameters obtained for the studied crystals had
values similar to those reported in the literature for germa-
nium telluride bulk crystals, e.g., the lattice parameter a was
around 5.98 Å and the angle of distortion � was around
88.3°.13

Basic electrical properties of Ge1−x−ySnxMnyTe crystals
were also characterized. The measurements �using the stan-
dard dc six-contact technique� of the resistivity parallel to the
current direction �xx and the Hall effect �using constant mag-
netic field B=14 kOe� for each sample at room temperature
were performed. The samples had parallelepiped shape with
typical diameters around 1�1�8 mm3. The results showed
that the studied crystals were highly degenerated p-type
semiconductors with high hole concentration n�1021 cm−3

and low carrier mobilities ��100 cm2 / �V s�. For more de-
tailed discussion of electrical properties of Ge1−x−ySnxMnyTe
see Refs. 10 and 11.

III. RESULTS AND DISCUSSION

The dc magnetometry was used in the present studies of
the Ge1−x−ySnxMnyTe crystals. The very same sample pieces
as in the case of transport characterization with electrical
contacts removed were studied by means of dc magnetom-
etry. The magnetization measurements were performed using
two magnetometers. The temperature-dependent magnetiza-
tion in a small magnetic field was collected using a Quantum
Design superconducting quantum interference device
�SQUID� MPMS XL-5 magnetometer. The isothermal mag-
netization curves and hysteresis loops were measured using
the extraction method employed by the LakeShore 7229 dc
magnetometer. This method has the lower accuracy than
SQUID magnetometer but allowed us to measure at mag-
netic fields as high as B=90 kOe.

A. Low-field magnetization

The temperature dependencies of the zero-field-cooled
�ZFC� and field-cooled �FC� magnetization were measured in
the temperature range between 4.3 and 100 K using the con-
stant magnetic field B=50 Oe. Typical results of the tem-
perature dependencies of the magnetization for selected
Ge1−x−ySnxMnyTe crystals with constant Sn and Mn contents
varied between 0.039 and 0.115 are presented in Fig. 1. The
differences between the FC and ZFC curves for the studied
crystals were observed. Bifurcations between ZFC and FC
magnetization values at low temperatures are typical features
of the appearance of a spin-glass phase.

The paramagnet-spin-glass transition temperatures TSG
were determined from the temperature-dependent magnetiza-
tion curves at the bifurcation points. The values obtained in
this way are in good agreement with our previously deter-
mined TSG values from ac magnetometry results �see Ref.
11�. Both the dynamic and static magnetic properties of
Ge1−x−ySnxMnyTe crystals show features similar to those ob-
served in canonical spin-glass systems, e.g., CuMn or AuFe
diluted metallic alloys.14

The presented experimental FC M�T� curves for weak
field were theoretically reproduced with the use of the non-
interacting spin-wave theory. The magnon dispersion relation
has been assumed in the isotropic form 	�k�=Dk2, with spin-
wave stiffness coefficient D= 1

6 yS�iJ�Rij�Rij
2 , where J�Rij� is

the RKKY exchange integral, given by formula �1�, calcu-
lated for a pair of ions in the lattice with a mutual distance of
Rij. In the present considerations it is assumed that the indi-
rect RKKY interaction with the exchange constant JRKKY has
the following form:15–17

JRKKY�Rij� = NV

m�Jpd
2 a0

6kF
4

32
3�2

�
sin�2kFRij� − 2kFRij cos�2kFRij�

�2kFRij�4 exp�−
Rij

�
� ,

�1�

where m� is the effective mass of the carriers, Jpd is the
exchange integral between conducting holes and Mn ions, a0
is the lattice parameter, kF= �3
2n /�NV� is the Fermi wave
vector, NV is the number of the valleys of the valence band,
� is the Planck constant divided per 2
, and Rij is the dis-
tance between magnetic ions. For nearest-neighbor ions, the
additional antiferromagnetic superexchange coupling, pa-
rametrized by JAF, has been included. The formula for D
results from averaging the magnon energies over possible
orientations of wave vector k� for its given length k �similar to
the calculation in Ref. 3�.
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FIG. 1. Experimental �points� and theoretical �lines� magnetiza-
tion as a function of temperature for samples cooled in the absence
�closed symbols� and the presence �open symbols� of external mag-
netic field B=50 Oe for two selected Ge1−x−ySnxMnyTe samples
with different chemical composition �labels�.
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We emphasize that using such a direction-averaged dis-
persion relation for our system is motivated by the presence
of spatial disorder in a diluted magnetic system, which
makes the influence of the exact lattice structure �involved in
calculating the Fourier transform� less pronounced. More-
over, we limit our considerations to a quadratic part of the
dispersion relation instead of using the full expression valid
for the whole Brillouin zone. This reflects the fact that in a
strongly diluted system the typical distances between the
magnetic ions are noticeably larger than the lattice constant
itself, so that only low-energy spin waves �of wavelength
exceeding the mentioned distance� constitute well-defined
excitations. The mentioned assumptions lead to the tempera-
ture dependence of magnetization following exactly the
Bloch’s law in the form

M�T� = M�0��1 − �T/TSW�3/2� . �2�

The characteristic temperature TSW can be expressed as

TSW =
2
Da0

2

kB
� 4S


�3/2�	2/3

, �3�

where 
�3 /2�
2.612 is the appropriate Riemann zeta func-
tion. The performed calculations allowed us to satisfactorily
reproduce the experimentally observed M�T� curves �see Fig.
1� for the Jpd exchange coupling constant values consistent
with those obtained from the further analysis of Curie-Weiss
and spin-glass transition temperatures within the
Sherrington-Southern model. It is worth mentioning that
such a robust T3/2-like behavior of M�T� curves has also been
noticed by Refs. 18 and 19.

The proposed theoretical approach was not able to take
fully into account the magnetic frustration in the studied sys-
tem, which is reflected in the shape �long tail� of the M�T�
curve at T
TSG.

B. Estimation of the exchange integral Jpd

The spin-glass state in the diluted magnetic material is
well described by the model proposed by Sherrington and
Southern.20 The SS model was found to be the most appro-
priate approach for the description of systems with a large
number of neighboring paramagnetic ions. Moreover, the
modified SS model was applied to compounds belonging to
the group of IV-VI semimagnetic semiconductors, i.e.,
Sn1−xMnxTe and Pb1−x−ySnxMnyTe.21 In the present work we
adapted the modified SS model21 to quantify the Jpd ex-
change interaction in the studied Ge1−x−ySnxMnyTe mixed
crystals. Sherrington and Southern proposed the Gaussian
distribution of the interaction strength in Heisenberg Hamil-
tonian with mean value J0 and width �J. The model allows
the calculations of both paramagnetic Curie-Weiss � and
paramagnet-spin-glass transition TSG temperatures given by
Eqs. �4� and �5�,

� =
2S�S + 1�x

3kB
J0, �4�

TSG =
2�J

3kB
�S2�S + 1�2 + S�S + 1�/2�1/2, �5�

where kB is the Boltzmann constant. In the above equations
the RKKY indirect interactions have the exchange constant
JRKKY, which is expressed using the Eq. �1�. We assumed
that the band structure of the studied Ge1−x−ySnxMnyTe crys-
tals is similar to that of GeTe. GeTe has got a nearly spheri-
cal valence band with maximum at the L point of the Bril-
louin zone22 and the effective mass of the carriers in the
fourfold-degenerated L band equal to 1.2me,

23 where me is
the free-electron mass, as in the case of the GeTe crystals.
The SS model assumes the finite range of the interactions by
introducing the exponential damping factor �. In our calcu-
lations we assumed � to be equal to 1 nm what is a reason-
able value for the semiconductor with relatively low carrier
mobility ��100 cm2 / �V s� �see Refs. 10 and 11�. The lat-
tice parameters for the pure GeTe crystals were used in our
calculations.

The results of calculation of the ��n� dependencies per-
formed for values of the Mn-hole exchange integral Jpd vary-
ing between 0.4 and 0.8 eV are presented in Fig. 2. Most of
the experimental points lie between the ��n� curves calcu-
lated for Jpd varying between the two values 0.4–0.8 eV.
Because of the large scatter of the experimental values we
found it reasonable to focus on the spin-glass transition tem-
perature TSG estimations which as will be seen give more
accurate results.

The TSG dependence on the Mn content for a few values
of the hole concentrations is presented in Fig. 3. The experi-
mentally determined values of TSG�y� are well described by
the theoretical curves with the values of the exchange con-
stant Jpd changing between 0.4 and 0.5 eV. It must be noted,
that for the samples for which the TSG values are in the
vicinity of Jpd=0.5 eV, the coercive fields were the highest
in the entire series of Ge1−x−ySnxMnyTe crystals. It may be
interpreted that the estimated higher value of the exchange

FIG. 2. The Curie-Weiss temperature normalized to the Mn mo-
lar fraction y as a function of the carrier concentration n calculated
theoretically �lines� using values of the exchange integral Jpd vary-
ing between 0.4 and 0.8 eV with step 0.05 eV, and the experimental
values �points� obtained for the studied Ge1−x−ySnxMnyTe crystals
grouped with respect to the amount of Mn ions in the alloy y �see
legend�.
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constant for these crystals is not an artifact but reflects their
magnetic properties.

The estimated values of Jpd for the studied
Ge1−x−ySnxMnyTe crystals are within the range between re-
ported in literature for Sn1−xMnxTe bulk crystals24 �Jpd
�0.1 eV for x�0.1� and Ge1−xMnxTe �Jpd�0.8−0.9 eV
for x�0.1� bulk crystals,3,18 and Jpd�0.7 eV for x=0.07 as
obtained in Ge1−xMnxTe epitaxial layers.25

C. High-field magnetization

The magnetic properties of Ge1−x−ySnxMnyTe crystals in
the presence of high magnetic field for B�90 kOe were
studied at temperatures between 4.3�T�80 K. At mag-
netic fields B�600 Oe an irreversible behavior with clear
hysteresis is observed. Typical results of hysteresis curves
recorded for a Ge0.871Sn0.090Mn0.039Te sample at a few tem-
peratures are presented in Fig. 4. The magnetic hysteresis is
not a typical feature in canonical spin glasses such as CuMn
�Ref. 14� but was observed for many spin-glass systems such
as AuFe with 8 at. % Fe �Ref. 26� or NiMn with 21 at. %
Mn.27

The analysis of hysteresis loops showed that there exists a
correlation between the Mn content y, the values of sponta-
neous magnetization MR, and the coercive field HC �see Fig.
4�b��. When y changes between 0.012 and 0.039 the values
�measured at T�4.5 K� of MR increase from 0.45 to 2.5
emu/g and HC values are increasing from 80 to 430 Oe. In
the case of the group of crystals with y�0.039 the inverse
dependencies were observed, namely, the reduction in both
MR and HC with increasing y. In the case of the group of
crystals with Mn content �0.035 and Sn content x changing
between x=0.090 and 0.145, the changes in the HC and MR
can be attributed to the increase in the carrier concentration.
The coercive field HC becomes smaller with increasing
amount of tin ions changing from 430 to 210 Oe for crystals

with x=0.090 and 0.145. In turn, the value of MR showed the
opposite trend rising from 1.6 to 2.6 emu/g.

The observed parameters of the magnetic hysteresis loop
and their changes with the chemical composition of the alloy
can be associated with the modification of the domain struc-
ture of the material. Furthermore, together with the increas-
ing Mn content the probability for antiferromagnetic pairing
of Mn ions increases.

The HC values observed in our studies are smaller than
reported in the literature for bulk Ge1−xMnxTe crystals2

�HC�1200 Oe for x=0.048� but are close to those reported
for thin Ge1−xMnxTe epitaxial layers25 �HC�700 Oe for x
�0.6�.

The typical results for the Ge0.824Sn0.142Mn0.034Te crystal
obtained in the range of magnetic fields up to 90 kOe and
temperatures lower than 80 K are presented in Fig. 5. The
M�B� curves do not saturate and are nearly linear in the
range of magnetic fields B�30 kOe. The lack of saturation
of M reflects the fact that the studied alloy is not a ferromag-
net but a spin glass at the temperatures below 50 K
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FIG. 3. The spin-glass transition temperatures TSG as a function
of the Mn molar fraction y calculated �lines� for two different val-
ues of the exchange integral Jpd and different values of carrier con-
centration n �see legend�, and the experimentally determined values
of TSG for Ge1−x−ySnxMnyTe crystals with different chemical con-
tent y. The points were grouped with respect to the different carrier
concentrations �see legend�.
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FIG. 4. �a� Hysteresis loops measured at selected constant tem-
peratures �see legend� for selected Ge1−x−ySnxMnyTe sample
�chemical composition shown in legend� and �b� spontaneous mag-
netization MR and coercive field HC as a function of temperature for
a few selected Ge1−x−ySnxMnyTe samples with different chemical
composition �see legend�.

FIG. 5. Isothermal magnetization curves M�B� measured
�points� and reproduced using the mean-field model described in the
Appendix �lines� for the parameters Jpd=0.75 eV, y=0.034, p
=0.71, �=15 Å, and JAF /kB=−20 K at different temperatures �see
legend� for selected Ge1−x−ySnxMnyTe sample with x
=0.142�0.014 and y=0.034�0.003.
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In order to model the field dependence of magnetization,
we performed calculations within the molecular-field ap-
proximation, constructing the model described in the Appen-
dix. The numerical calculations were performed for the ex-
change constant Jpd, the Mn amount y, the fraction of
isolated magnetic ions p, the interaction decay distance �,
and the energy of the antiferromagnetic interactions in the
system JAF specified and for 2�104 realizations of disorder,
summing the interactions between the magnetic ions up to
the distance of 100 Å. The method allowed to satisfactorily
reproduce the high-field behavior of M�H� curves, i.e., the
linear increase in magnetization with the field. It must be
emphasized that the method adopted is based on the
molecular-field approximation so that it cannot be expected
to account for the collective excitations in the system and to
yield the precise temperature dependence of magnetization.
It is obvious that the low-field magnetic susceptibility is un-
derestimated by the present model, which might be attributed
to neglect of correlations.

In Fig. 6 the isothermal magnetization curves obtained for
the studied crystals are presented in the form of Arrot plots.
With the increase in the Mn content in the samples the ex-
perimental M2�B /M� curves change their character. Such a
behavior is usually attributed to the change in the strength of
the ferromagnetic interactions in the system. In the case of
the Ge1−x−ySnxMnyTe samples with Mn content y�0.039 the
observed behavior is similar to the one observed in many
canonical spin-glass systems with predominance of the mag-
netic interactions with the exchange constant J�0.28 It is
well known that in case of a spin-glass systems the M2�B /M�
curves on the Arrot plot lies on the bottom side of the plot
what reflects the absence of spontaneous magnetization in
the system. With the increase in the amount of Mn above y
=0.039 the M2�B /M� curves on the Arrot plot shifts toward
the top-left side of the plot. This is a signature that the fer-
romagnetic interaction dominates in the studied samples.28

Nevertheless, the system remains in the frustrated spin-glass
state �see Fig. 6�.

IV. SUMMARY AND CONCLUSIONS

We presented detailed studies of the magnetic properties
of the Ge1−x−ySnxMnyTe crystals with different amount of

both magnetic and nonmagnetic constituents, i.e., Mn and Sn
ions. The dc magnetometry measurements showed that the
studied spin-glass system shows some features characteristic
of a ferromagnetic material. Hysteresis loops with large co-
ercive fields �maximum of 500 Oe� and spontaneous magne-
tization were observed indicating that the studied system
possessed features characteristic of a ferromagnetic material.
The high-field magnetization curves showed nonsaturating
behavior at magnetic fields as high as 90 kOe which was
interpreted as a direct proof of a strong magnetic frustration
in this system. The observed bifurcations of the FC/ZFC
magnetization M�T� dependencies as well as the nonsaturat-
ing M�B� curves are the features characteristic for spin
glasses. The experimental M�T� curves were reproduced
theoretically using the noninteracting spin-wave theory. The
M�B� curves were fitted theoretically using the molecular-
field approximation. Theoretical calculations reproduced
well the experimental results especially in the range of high
magnetic fields. The linear M�B� dependence was repro-
duced by including magnetic disorder in the theoretical
model and separate treatment of the antiferromagnetically
coupled pairs of magnetic ions. The proposed model gives
satisfactory agreement with the experimental curves only in
the case of the presence of the antiferromagnetic nearest-
neighbor interactions in the system. This is an evidence that
strong magnetic disorder is present in the studied system.

The calculations based on a modified Sherrington-
Southern model showed that the spin-glass state is the pre-
ferred magnetic state for the experimentally determined hole
concentrations as well as Mn molar fractions. The calcula-
tions allowed us to reproduce with good accuracy the spin-
glass transition temperatures for all the studied crystals and
to estimate the Mn-hole exchange integral value to be around
Jpd=0.45�0.05 eV for the studied Ge1−x−ySnxMnyTe mixed
crystals.
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APPENDIX: THEORETICAL MODEL INCLUDING
ANTIFERROMAGNETIC INTERACTIONS

The Hamiltonian of the system of interacting magnetic
ions distributed over the lattice sites is

H = −
1

2�
i,j

J�Rij��i� jSiS j − gS�BB�
i

�iSi
z, �A1�

where the operators Si describe the spins S=5 /2 distributed
over N fcc lattice sites �the rhombohedral structure of
Ge1−x−ySnxMny is very close to the fcc structure�. The ex-
change integral is given by Eq. �1�. The disorder in the site-
diluted magnetic system is introduced by occupation number
operators �i taking the values of 0, 1 for each lattice site i.
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The set of �i values describes completely the given realiza-
tion of the disorder in the system.

Because of presence of the disorder, the lattice sites occu-
pied by magnetic ions are inequivalent in the thermodynamic
meaning. The most pronounced source of inhomogeneity is
due to additional superexchange coupling occurring between
the magnetic ions in nearest-neighbor position. In order to
account for this, the system of magnetic impurities located
on lattice sites �with atomic concentration equal to y� was
subdivided into two �interacting� subsystems. For low values
of y the significant number of impurity ions can be expected
to lack the other magnetic impurities in the nearest-neighbor
position. Therefore, such magnetic ions do not couple anti-
ferromagnetically to other magnetic ions via the superex-
change mechanism. Let us denote the total number of such
ions �called further “isolated magnetic ions”� by Npy. For
purely random, uncorrelated occupation of fcc lattice sites by
impurities, the probability that a selected magnetic ion is
isolated equals to p= �1−y�12 �what yields the value of 0.66
for y=0.034�. However, if the distribution of magnetic im-
purities is not completely random, p deviates from the above
mentioned value �p� �1−y�12 for ion clustering tendency,
p� �1−y�12 for the opposite tendency�.

We assume approximately that the remaining magnetic
ions form isolated nearest-neighbor pairs �i.e., pairs of ions
that do not possess further magnetic nearest neighbors�.
Within each pair, both ions are coupled via the superex-
change mechanism, characterized by the exchange integral
JAF�0. We neglect the possibility of formation of magnetic
clusters containing more than two superexchange-coupled
magnetic ions, which is justified for small y. According to
this assumption, the number of isolated pairs is 1

2Ny�1− p�.
Let us emphasize that due to the neglect of larger magnetic
clusters, the value of parameter p determined from the best
fit to the experimental data may differ from the actual frac-
tion of isolated magnetic ions in the real system.

To construct the thermodynamic description of the model,
we apply a molecular-field approximation, assuming that the
total state of the system takes the form of a tensor product of
the appropriate single-site density matrices. The quantum
state of each site occupied by an isolated magnetic ion is
described by a density matrix of the form,

�i,0 = exp���0 + gS�BB�Si
z/kBT�/Z0 �A2�

with Z0=�s=−S
S exp���0+gS�BB�s /kBT�. The thermodynamic

average of the spin value of such an ion equals to

�Si
z
 = m0 = SBS��0 + gS�BB

kBT
� , �A3�

SBS�x� being the Brillouin function for spin S.
Let us further denote one of the �inequivalent� ions be-

longing to an isolated nearest-neighbor pair by + while the
other one by −. The corresponding density matrices are as-
sumed in the form

�i,� = exp���� + gS�BB�Si
z/kBT�/Z� �A4�

with Z�=�s=−S
S exp����+gS�BB�s /kBT�. The thermodynamic

average of spin value of each of the ions is

�Si
z
 = m� = SBS��� + gS�BB

kBT
� . �A5�

The parameters �0, �+, and �− are the variational parameters
of the molecular field.

For such a model, the total entropy is a sum of contribu-
tions originating from each single isolated magnetic ion
�−kB Tr��i,0 ln �i,0�� and from each isolated magnetic pair
�−kB Tr��i,+ ln �i,+�−kB Tr��i,− ln �i,−��. The total entropy of
the system is

S = kB�
i

�i�1 − p

2
�log Z+ + log Z−� + p log Zi,0

−
1 − p

2
��+ + gS�BB

kBT
m+ +

�− + gS�BB

kBT
m−�

− p
�0 + gS�BB

kBT
m0	 . �A6�

The enthalpy of the model is a thermodynamic average of
the Hamiltonian, containing the terms describing the interac-
tion between the isolated ions, between the isolated magnetic
pairs as well as the interaction between isolated magnetic
ions and isolated pairs. The total enthalpy amounts to

�H
 = − �
i

�i�1

2
p2m0

2�
j

� jJ�Rij� + pm0gS�BB

+
1

2
�1 − p�JAFm+m− +

1 − p

2
gS�BB�m+ + m−�

+ p
1 − p

2
m0�m+ + m−��

j

� jJ�Rij�

+
1

8
�1 − p�2�

j

� jJ�Rij��m+ + m−�2� . �A7�

Let us note that in the formula above, as well as in the rest
of the appendix, the nearest neighbors of the lattice site i will
be excluded from summation over j.

The total Gibbs free energy of the system is obtained from
the expression G= �H
−ST. The variational minimization of
the Gibbs energy with respect to molecular-field parameters
yields the set of coupled self-consistent equations of the
form,

�
i

�i��0 − �pm0 +
1 − p

2
�m+ + m−�	�

j

� jJ�Rij�� = 0,

�
i

�i��+ − JAFm− − �pm0 +
1 − p

2
�m+ + m−�	�

j

� jJ�Rij��
= 0,

�
i

�i��− − JAFm+ − �pm0 +
1 − p

2
�m+ + m−�	�

j

� jJ�Rij��
= 0. �A8�
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Then we are looking for the solution when all the terms
under the sum over i vanish simultaneously, i.e., we obtain
the following set of equations:

�0 = �pm0 +
1 − p

2
�m+ + m−�	�

j

� jJ�Rj� ,

�+ = JAFm− + �pm0 +
1 − p

2
�m+ + m−�	�

j

� jJ�Rj� ,

�− = JAFm+ + �pm0 +
1 − p

2
�m+ + m−�	�

j

� jJ�Rj� ,

�A9�

which need to be solved together with conditions �A3�
and �A5�. The solution allows us to calculate the total mag-
netization in the system for a given realization of disorder as

M = nmgS�B�pm0 +
1 − p

2
�m+ + m−�	 . �A10�

Finally, to obtain the disorder-averaged site magnetiza-
tion, we average the values obtained from the Eq. �A10� for
a sufficiently large number of realizations of disorder. Each
realization of disorder is simulated numerically, by allowing
the parameters � j to take the values of 0, 1 according to the
probability distribution p�� j�=y��� j −1�+ �1−y���� j�, with
the total concentration of magnetic impurities equal to y.
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